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Abstract. In this paper, we are concerned with the global wellposedness of 3-D inhomo- 
geneous incompressible Navier-Stokes equations (1.2) in the critical Besov spaces with the 
norm of which are invariant by the scaling of the equations and under a nonlinear small- 
ness condition on the isentropic critical Besov norm to the fluctuation of the initial density 
and the critical anisotropic Besov norm of the horizontal components of the initial velocity 
which have to be exponentially small compared with the critical anisotropic Besov norm to 
the third component of the initial velocity. The novelty of this results is that the isentropic 
space structure to the homogeneity of the initial density function is consistent with the 
propagation of anisotropic regularity for the velocity field. In the second part, we apply the 
same idea to prove the global wellposedness of (1.2) with some large data which are slowly 
varying in one direction. 
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1. Introduction 

In this paper, we consider the global wellposeness to the following 3-D incompressible 
inhomogeneous Navier-Stokes equations with initial data in the critical Besov spaces and 
with the third component of the initial velocity being large: 

d t p + dw(pu) = 0, (t, x) € R + x M 3 , 
dt(pu) + div(pu (g> u) — pAu + VII = 0, 
div u = 0, 

p\t=o = po, pu\ t =o = Pouo, 



(1.1) 



where p,u = (ui, 112,113) stand for the density and velocity of the fluid respectively, II is a 
scalar pressure function. Such system describes a fluid which is obtained by mixing two im- 
miscible fluids that are incompressible and that have different densities. It may also describe 
a fluid containing a melted substance. 

In [19], O. Ladyzenskaja and V. Solonnikov first addressed the question of unique re- 
solvability of (1.1). More precisely, they considered the system (1.1) in bounded domain f2 
with homogeneous Dirichlet boundary condition for u. Under the assumption that un be- 

longs to W p (Q) with p greater than d, is divergence free and vanishes on d£l and that po 
is C (O), bounded and away from zero, then they proved 

• Global well-posedness in dimension d = 2; 

2— — 

• Local well-posedness in dimension d = 3. If in addition uq is small in W p' p (Q), 
then global well-posedness holds true. 
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Similar results were obtained by R. Danchin [14] in R with initial data in the almost critical 
Sobolev spaces. In general, the global existence of weak solutions with finite energy was 
established by P.-L. Lions in [20] (see also the reference therein, and the monograph [6]). H. 
Abidi, G. Gui and the last author established in [3] the large time decay and stability to any 
given global smooth solutions of (1.1). 

When the initial density is away from zero, we denote by a = ^ — 1, and then (1.1) can 
be equivalently formulated as 



Notice that just as the classical Navier-Stokes system (which corresponds to a = in (1.2)), 
the inhomogeneous Navier-Stokes system (1.2) also has a scaling. Indeed if (a, it) solves (1.2) 
with initial data (ao,uo), then for Ml > 0, 



(a,u)e is also a solution of (1.2) with initial data (ao,«o)£- 

i — 1+- 

It is easy to check that the norm of B pl (M. d ) x B pl p (R d ) is scaling invariant under 
the scaling transformation (ao,uo)^ given by (1.3). In [1], H. Abidi proved in general space 
dimension d that: if 1 < p < 2d, < u < fi(p), given initial data (ao,«o) sufficiently small 

d_ 1-4- — 

in B pl (M. d ) x B pl p (R d ), (1.2) has a global solution. Moreover, this solution is unique if p 
is in ]l,d[. This result generalized the wellposedness results of R. Danchin in [13] and [14], 
which corresponds to the celebrated results by Fujita and Kato [16] devoted to the classical 
Navier-Stokes system, and was improved by H. Abidi and the second author in [2] with a$ 

d — 1+- 

m Bl^M?) and no m B pl v (R d ) for p, q satisfying some technical assumptions. H. Abidi, 

G. Gui and the last author removed the smallness condition for ao hi [4, 5]. Notice that the 
main feature of the density space is to be a multiplier on the velocity space and this allows to 
define the nonlinear terms in the system (1.1). Recently, R. Danchin and P. Mucha proved 

in [15] a more general wellposedness result of (1.1) by considering very rough densities in 

—14- i 

some multiplier spaces on the Besov spaces B p l p (R d ) for p in ]l,2d[ which in particular 
completes the uniqueness result in [1] for p in ]d, 2d[ in the constant viscosity case. 

Motivated by [18, 22, 24] concerning the global wellposedness of 3-D incompressible aniso- 
tropic Navier-Stokes system with the third component of the initial velocity field being large, 
the last two authors relaxed in [23] the smallness condition in [2] so that (1.2) still has a 
unique global solution (see Theorem 1.1 below for details). We emphasize that the proof in 
[23] used in a fundamental way the algebraical structure of (1.2). The first step is to obtain 
energy estimates on the horizontal components of the velocity field on the one hand and then 
on the vertical component on the other hand. Compared with [18, 22, 24], the additional 
difficulties with this strategy are that: there appears a hyperbolic type equation in (1.2) 
and due to the appearance of a in the momentum equation of (1.2), the pressure term is 
more difficult to be handled. We remark that the equation on the vertical component of the 
velocity field is a linear equation with coefficients depending on the horizontal components of 
the velocity field and a. Therefore, the equation on the vertical component does not demand 
any smallness condition. While the equations on the horizontal components of the velocity 



(1.2) 




(1.3) 



{a,u)e 



def 



(a(£ 2 ;£-),£u(£ 2 -,£■)) and (a , u )/= (a (£-),£ Uo (£-)) 
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field contain bilinear terms in the horizontal components and also terms taking into account 
the interactions between the horizontal components and the vertical one. In order to solve 
this equation, we need a smallness condition on a and the horizontal component (amplified by 
the vertical component) of the initial data. The purpose of this paper is to prove the global 
wellposedness of (1.2) with initial data, ao,uo = (uq,Uq), satisfying some nonlinear smallness 
condition on the critical isentropic Besov norm to oo and the critical anisotropic Besov norm 
to Uq which have to be exponentially small in contrast with the critical anisotropic Besov 
norm to Uq. Then we apply the same idea to prove the global wellposedness of (1.2) with 
some large data which are slowly varying in one direction. 

Before going further, we recall the functional space framework we are going to use. As 
in [9], [12] and [21], the definitions of the spaces we are going to work with requires anisotropic 
dyadic decomposition of the Fourier variables. Let us recall from [7] that 

A h k a = J- 1 (^(2- fc |a|)S), A^a = T' 1 (<p(2-%\)a) , 

(1.4) Sla = F- 1 (x(2- k \Zh\)a), S v e a = T' 1 ( X (2-%\)a) and 

A ja = F-\v{1- j \i\)a), Sja = F' 1 ( X (2^ \^\)a) , 

where ^ = (^1,^2), Fa and a denote the Fourier transform of the distribution a, x( x ) 
and tp(r) are smooth functions such that 



t G R / - < \t\ < -j and Vr > , (p{2~ j r) = 1, 
Supp X C {r G R j |^| < |} and x (r) + ^ ^(2^r) = 1. 



Definition 1.1. Let (p,r) G [l,+oo] 2 , sER and u G 5^(M 3 ), which means that u G S'{ 
and limj^-oo HSj-uHloo = 0, we set 



\u\\ B s r d M {2^\\A q u\\ LV ) ^ 



• For s < I (or s = | if r = I), we define B^ r (R 3 ) d = {u G S' h (R 3 ) \ \\u\\ B ^ r < 00}. 

• Ifk£Nand^ + k<s<^ + k + l(ors = ^ + k + lifr = l), then B| jf .(R 3 ) is 
defined as the subset of distributions u G <S^(1R 3 ) such that d@u G Bp~ k (R 3 ) whenever 
\/3\ = k. 

Notations In all that follows, we shall denote 

b; ^ b- !. 

The following theorem was proved by the last two authors in [23]: 
Theorem 1.1. Let p be in ]1, 6[. There exist positive constants cq and Cq such that, for any 
data ao in B£ {R 3 ) and u = (u§, ug) in B p p (R 3 ) verifying 

'Co, 

b<; " "■ b p " p/ v //- 

the system (1.2) has a unique global solution (a, u) in the space 



(1-5) V = (mIMI a + ll«oll -i+|)exp(-§ ||ug|| 2 _ 1+ a ) < c fi, 



C b ([0,oo[;B p (R 3 ))x (C b ([0,oo);B p + ^(M 3 )) n L 1 (IR + , B p +P (R 3 ))). 
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We want to prove here an anisotropic version of the above theorem. Let us define the 
anisotropic Besov space that we are going to use. 

Definition 1.2. Let p be in [1, +oo], si < |, s 2 < ^ and u in S' h (M?), we set 

def (V*i2 fes2 ||A^AH| LP ) 



1 03 

The case when si > | or s 2 > | can be similarly modified as that in Definition 1.1. 
Notations In all that follows, we shall denote 

33° = f <Bp , 23* = f <b|'^ n 5S P and <8 2 p d = 3Sp + ^ n <b|' 1+ ^ 

Our first result in this paper is as follows: 
Theorem 1.2. Let p be in ]3, 4[ and r in [p, 6[. Let us consider an intial data (do, ito) hi the 
space Bp x 23° n /3 r r • Then there exist positive constants cq and Co such that if 

(1.6) 77 = f (/i||a || 3 + HuoUgjo) expC^||iio||^o) < c /x, 

the system (1.2) has a unique global solution 

a G C 6 ([0,oo);/3|(IR 3 )) and u G C 6 ([0, 00); /3 r ~ 1+ ^(M 3 )) n L^M+j £ r 1+ ^(]R 3 )). 
Moreover, there hoJds 

ll n/l HZ° c (R+;<B«) +^(H a IIZ-»(R+;B«) + II L 1 (K+i^)) < Cf], 

(1-8) 3 3 3 

ll n IIl°°(r+;<bo) +A t ll' u IIl 1 (R + ; ( b|) - 2 ll u oll ( B« + c 2Ai- 

Remark 1.1. (J ) We emphasize that for any given function a, <f> in the Schwartz space S(M. 3 ), 
any p in ]3,4[, Theorem 1.2 implies the global wellposedness of (1.2) with initial data of the 
form 

c ill 

a%{x) = (— hie) e va(x\,x 2 ,£x 3 ) and 

u e o = eo(-hie) 5 e _(1_ ^ sin(y) (0, -ed 3 <f), d 2 (f>) (xi, x 2 , ex 3 ), 

for < 5 < \, and e,eo being sufficiently small. Indeed it is well-known that 



shi(y) V(f)(x 1 ,x 2 ,x 3 ) 



1-- 

< Ca,E p . 



which ensures that 

'Cp 



a(xi,x 2 ,ex 3 )\\ s.<Ce v \a\ LV p ||Va||£ p , 



(/-t||ooll 3 + ||«o ^llso) ex p(~^ll u o 3 |la3°) — C £ ( — Ine)* 5 exp((— lne) 2<5 ) — >• 



which tends to w/ien e tends to 0. Hence Theorem 1.2 implies that (1.2) imt/t initial data 
(oq,?Jq) /ias a unique global solution (a £ ,u £ ). 
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(2) In the case when 5 = in (1.9), the homogeneity of the initial density Oq could be much 
larger. In fact, it follows from the same line as the proof of part (1) that (1.2) with the data 

i 

al(x) = epa(xi,X2,exz) and 
u e = eo£~ (1 ~^ sin (~r) (°) -£9 3 (/>,d2(f>)(xi,X2,ex3), 
also has a unique global solution for £o, llaoll a and e being sufficiently small. 

Theorem 1.2 also ensures the global wellposedness of (1.2) with data of the form: 
(a (x h ,x 3 ), (euQ(x h ,ex 3 ),ul(x h ,ex 3 ))) 
for any smooth divergence free vector field uq = (uq,«q) and with s, ||ao|| 3, for some p 

in ]3, 4[ being sufficiently small. Notice that the authors [10] proved the global existence of 
smooth solutions to 3-D classical Navier-Stokes system for some large data which are slowly 
varying in one direction. The main idea behind the proof in [10] is that the solutions to 3-D 
Navier-Stokes equations slowly varying in one space variable can be well approximated by 
solutions of 2-D Navier-Stokse equation. Yet just as the classical 2-D Navier-Stokes system, 2- 
D inhomogeneous Navier-Stokes equations is also globally wellposed with general initial data 
(see [14, 19] for instance). This motivates us to study the global wellposedness of (1.2) with 
large data which are slowly variable in one direction and which do not satisfy the nonlinear 
smallness condition (1.6). 

3 _ 1+ 3 

Theorem 1.3. Let a be a real number greater than 1/4 and ao a function of Bp f~l B q q 
for some p in ]3,4[ and q in ]|,2[. Let Vq = (vq,Vq) be a horizontal, smooth divergence free 
vector held on R 3 , belonging, as well as all its derivatives, to L 2 (R X3 ; H^ 1 (M 2 )). Furthermore, 

_2 l 

we assume that for any a in N 3 , d a d 3 VQ belongs to !B 2 ' 2 (R 3 ). Then there exists a positive 
£o such that if £ < £q, the initial data 

(1.10) a £ (x) = e a a (x h ,ex 3 ), u 6 (x) = (v%(x h ,ex 3 ),0) 
generates a unique global solution (a £ ,u £ ) of (1.2). 

Remark 1.2. (1) With Vq being given by Theorem 1.3 and wq a smooth divergence free 
vector field on R 3 , /. Gallagher and the first author proved in [10] that there exists a positive 
£o such that ifO<£<£o, the classical Navier-Stokes system (which corresponds to a = in 
(1.2) ) with the initial data 

(1.11) i4 > (x) = (v% + ew%,v$)(x h ,ex 3 ) 
has a unique global solution. 

(2) G. Gui, J. Huang and and the last author proved in [17] similar global wellposedness result 
for (1.2) with initial data a§(x) = £ 5o a (xh,£x 3 ) and initial velocity given by (1.11) provided 
that ao € W 1,p n H 2 for some p G (1, 2) and Sq > -. We should point out that one difficulty 
in [17] is to derive L°°(M + ; 03^) estimate for the solution a of the free transport equation in 
(1.2). Toward this, the authors in [17] assumed more regularities for a® and then use an 
interpolation argument to get this estimate. The advantage of the argument used in the proof 
of Theorem 1.3 is that: as observed from the proof of Theorem 1.2, the isentropic regularities 
of a is matched with the anisotropic regularities of u, so that we can still work this problem 
in the scaling invariant spaces, which leads to the improvement of the index a > \ in [17] to 
be a > | here. 
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(3) It follows from the proof of Theorem 1.3 that we can prove similar wellposedness result 
for (1.2) with data (oq,Uq) given by (1.11) provided that e < Eq and \\a^\\ 3 + e\\a, 



6 \\ q 

■ oil -1+1 

B$ B q q 

being sufficiently small and for some p, q satisfying p in ]3, 4[ and q in ]|, 2[. Nevertheless, as 
wo part in (1.11) satisfies our nonlinear smallness condition (1.6), we choose to investigate 
the case (1.10) here. 

The organization of this paper is as follows: 

In the second section, we prove some lemmas using Littlewood-Paley theory in particular a 

lemma of product, a lemma which explains how to compute the pressure in the case when a is 

3 

small in Bp and a lemma of propagation for the transport equation which takes into account 
some anisotropy. 

In the third section, we prove Theorem 1.2. 

In the forth section, we prove Theorem 1.3 

Let us complete this section by the notations of the paper: 

Let A, B be two operators, we denote [A; B] = AB — BA, the commutator between A and 
B. For a < b, we mean that there is a uniform constant C, which may be different on different 
lines, such that a < Cb. We denote by (a\b) the L 2 (R 3 ) inner product of a and b, (dj)j^z 
(resp. {dj,k)j kei, 2 ) wm be a generic element of ^(Z) (resp. l l (J?)) so that Yljez^j = 1 
(resp. Ej, fee z 2 dj,k = !)■ 

For X a Banach space and / an interval of R, we denote by C(I; X) the set of continuous 
functions on I with values in X, and by £{,(/; X) the subset of bounded functions of C(I; X). 
For q £ [1, +00], the notation L q (I; X) stands for the set of measurable functions on / with 
values in X, such that 1 1 — > ||/(t)||x belongs to L q (I). 

2. Some estimates related to Littlewood-Paley analysis 

As we shall frequently use the anisotropic Littlewood-Paley theory, and in particular aniso- 
tropic Bernstein inequalities. For the convenience of the readers, we first recall the following 
Bernstein type lemma from [12, 21]: 

Lemma 2.1. Let Bh (resp. B v ) a ball of R^ (resp. R v ), and Ch (resp. C v ) a ring of R 2 
(resp. R v ); let 1 < P2 < pi < 00 and 1 < ^2 < qi < 00. Then there holds: 
If the support of a is included in 2 k Bh, then 



ll^«llL r (L«)<2 fc ( H+2 (^-^))||a|| L , 2(L , 1) . 



If the support of a is included in 2 l B v , then 



a MR-L_(1 L)) 



If the support of a is included in 2 k Ch, then 

f l\QCe „|| 

|Q|=JV 

If the support of a is included in 2 t C v , then 



|a|=Ai 



To consider the product of a distribution in the isentropic Besov space with a distribution 
in the anisotropic Besov space, we need the following result which allows to embed isotropic 
Besov spaces into the anisotropic ones. 
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Lemma 2.2. Let s and t be positive real numbers. Then for any p in [1, oo], one has 

\\fhr < \\f\\ s ^ ■ 

Proof. Thanks to Definition 1.2, one has 



V s 2 kt \\A>]Aif\\ LP 



We separate the above sum into two parts, depending on whether k < j or k > j and we 
shall only detail the first case (the second one is identical). We notice that if k < j, 

||A^/|| LP <^||A,A^/|| iP < £ ||A,/|| LP . 

eez \e-j\<N 



Then we infer from the fact that t > 



^ 2 ^2 fc *||A^/|| iP < Yl 2^||A,/|| LP ^2 

j& ],£&!? k<j 

k<j \j-i\<N 



kt 



<^2^+*)||A J -/|| LP < n./|| K ,- ,. 



And the result follows. □ 

In order to obtain a better description of the regularizing effect of the transport-diffusion 
equation, we will use Chemin-Lerner type spaces L^(B^ r (R 3 )) (see [7] for instance). 

To study product laws between distributions in the anisotropic Besov spaces, we need to 
modify the isotropic para-differential decomposition of Bony [8] to the setting of anisotropic 
version. We first recall the isotropic para-differential decomposition from [8]: let a and b be 
in S'(R 3 ), 

ab = T(a,b)+ K(a, b), or ab = T(a, b) + f(a, b) + R(a, b), where 

T(a, b) = ^2 Sj-iaAjb, T(a, b) = T(6, a), 7Z(a, b) = AjaSj + 2b, and 

(2.1) ie z ie z 

i+i 

R(a,b) = ^ AjaAjb, with Ajb = ^ A e a. 

j&Z £=j-l 

In what follows, we shall also use the anisotropic version of Bony's decomposition for both 
horizontal and vertical variables. 

As an application of the above basic facts on Littlewood-Paley theory, we present the 
following product laws in the anisotropic Besov spaces. 

Lemma 2.3. Let p>q>l with ± + 1 < 1, and si < |, s 2 < § with si + s 2 > 0. Let o\ < |, 
0-2 < I with ai + a 2 > 0. Then for a in 5Sg 1,CT1 (M 3 ) and b in <Bp 2,CT2 (M 3 ), the product ab 

belongs to <B S p 1+S2 ~«' ai+a2 ~«(R 3 ), and 

\\ab\\ +S2 _|, CT1+CT2 _i < ||a|| B; i,-i||6|| B .2.-2. 

J5p 
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Proof. We first get by applying Bony's decomposition (2.1) in both horizontal and vertical 
variables that 

ab =(T h + T h + R h )(T v + f v + R v )(a, b) 

(2.2) =T h T v (a, b) + T h f v (a, b) + T h R v (a, b) + f h T v {a, b) 

+ f h f v (a, b) + f h R v (a, b) + R h T v (a, b) + R h f v (a, b) + R h R v (a, b). 

In what follows, we shall detail the estimates to some typical terms above, the other cases 
can be followed along the same line. Note that o\ + 02 > 0, we get, by applying Lemma 2.1, 
that 

||A^(T^>,&))|| LP <2f £ llS^A^ah^JA^At^ 

b'-j'l<4 

k'>k-N 

<2f J] ^ ;fc ,2-^( sl+S2 -f)2- fe '^^)||a|| S8 n, CT1 ||6|| SB;2 , CT2 
b'-j|<4 

k'>k-N 

<^*2-^^-f)2-*^^-i)||a|| B;i ^||6|| B? ^. 

The same estimate holds for T h T v (a,b) and T h T v (a,b). 
Along the same lines, we obtain 

||A^(T^>,&))|| LP <2*'<5"5>2i Yl \\^tM\L4SU^l' b \\L W ) 

l/-j|<4 



<2 2j ' ( i p^f £ d,v ifc ,2"- ? " (si+S2 ~f ) 2- fc '( CTl+CT2 )| 
b''-j'l<4 

k'>k-N 

^dj )k l 1 1 1 ' ll a ll«B sl,<T1 IPl 



V 



p 

The same estimate holds for T h T v (a,b) and T h T v (a,b). Finally applying Lemma 2.1 once 
again and using the fact that si + S2 > 0, a\ + 02 > 0, gives rise to 

\\A^Al(R h R v (a,b))\\ LP < 2T 2 ! £ || Aj,A>|| L , ||Aj,A£,&|| LP 

j'>j-N 
k'>k-N 

< 2f 2 f £ d,v Jfc ,2-^'(«+«)2-*'(«+«)||a|| !B; i« ||6|| B? .- a 

j'>j-N 
k'>k-N 

< ^• fe 2-- ? ' (si+S2 -| ) 2- fc(,T1+CT2 -| ) ||a|| (B , 1 , CT1 ||6|| b; 2.- 2 • 

The same estimate holds for R h T v (a,b) and R h T v (a,b). This together with (2.2) completes 
the proof of Lemma 2.3. □ 

As an application of the laws of product, we state a lemma which will describe the way 
how to compute the pressure in the case when a is small. 



Lemma 2.4. Let p G (1,4), we consider a function a such that ||a|| 3 is small enough. IfU 
satisfies 

(D) div((l + a) VII - /) = 
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with f in 53°, then (D) has a unique solution which satisfies 

living < ||/|h»o and thus ||(1 + a)Vn|| B o < ||/|| B o. 
Proof. We first write (D) as 

An = - div(aVn) + div /. 
Applying now the operator VA _1 to this identity implies that 

Vn= -M a (Vn) + VA-Miv/ with -M a {g) = f VA- 1 div(a 5 ). 

Laws of product from Lemma 2.3 together with Lemma 2.2 implies that IIAIallrr® ') ^ ll a ll 2 

p B$ 

because p < 4. Thus, if ||a|| 3 is small enough, the operator (Id— M a )~ l is well defined as 
an element of £(93°) by the formula 

oo 

{i&-M a y l = Y J M k a . 

As VA _1 div is a homogenenous Fourier multiplier of degree 0, the lemma is proved. □ 

Now, we are going the prove a lemma which is a variation about the classical propagation 
lemma for regularity of index less than 1. 

3 

Lemma 2.5. Let ao he in Bp(R 3 ), and u = (u h ,u 3 ) be a divergence free vector field such 
that Vn belongs to L 1 ([0, T], L°°(IR 3 )). Let f be in ^([0,7]) with || Vu 3 (t) \\ L oo < Cf{t) for 
all t in [0,T]. We denote 

a A = f aexp(-A^ f{t')dt^j. 

Then, the unique solution a of 

(2.3) dta + u ■ Va = 0, a|t=o = oo 
satishes, for any tin [0, T] and A large enough, 

(2.4) || OA ||_ i +^ f f(t')\\a x (t')\\ sdt' < \\a \\ s +C\\a x \\_ s f \\Vu h {t')\\ L ~dt' . 

Proof. The proof of this lemma basically follows from that of Proposition 3.1 in [23]. The 
novelty of our observation here is that the L^(Lip(M. 3 )) estimate of the convection velocity 

3 

enables us to propagate the Bp regularity for (2.3) when p > 3. 

As both the existence and uniqueness of solutions to (2.3) essentially follows from the 
estimate (2.4) for some appropriate approximate solutions to (2.3). For simplicity, here we 
just present the a priori estimate (2.4) for smooth enough solutions of (2.3). In this case, 
thanks to (2.3), we have 

d t a\ + \f(t)a\ + u ■ Va A = 0. 

Applying Aj to the above equation and then taking I? inner product of the resulting equation 
with \Aja\\ p ~ 2 Aja\, we obtain 

(2.5) ~\\*Mt)\\ P L, + W)\\*Mt)\\ P LP + (A> • Va A ) | \A jax r 2 Aja x ) = 0. 
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While as divu = 0, we get, by using Bony's decomposition (2.1), 

u • Va A = T(u, Va A ) + K(u, Va A ), 
and a standard commutator's argument, that 

(A,(T(u,Va A )) | \A ja \ p - 2 A ja ) = ^ (([A j ;S r - 1 u]A j ,Va x | |A,a A |^ 2 A iaA ) 

\j'-j\<5 

+ ((Sj'^u - Sj-^AjAj.Vax | |A J a A | p_2 A j a A )) . 

Then we deduce from (2.5) that 

\\A jax (t)\\ LP + X f f(t')\\A 3 a x {t')\\ LP dt' 
Jo 

(2.6) <||A J -a ||LP + c( E (II[ A j;^'-H A j' Vo a|Il1(lp) 

U'-j|<4 

+ \\(Sj'-iu - Sj-^AjAfVaxh^LP)) + \\K(u, Va A )|| L i (LP) ) . 

Applying the classical estimate on commutator (see [7] for instance) leads to 

J2 \\[A j ;S j ,- 1 u]A j ,Va x \\ LULP) 
b"'-j'l<4 

£ E (ll^-iVn /l || Ltl(Loo) ||A / a A || ir(iP) + / ||5 J v_ 1 Vu 3 (OlUoo||A J vo A (t / )||Lpdi') 
U'-j|<4 - 70 

< ^ (dj^-^IIV^Hii^cojIlaAL 2+/ llW^lk-IIAWOll^') 
<dj-2-p (||Vui L i (L =o)||a A || f + t m\\ax(t')\\ idt/). 

(Bp ) J Sp 

Similarly we get, by applying Lemma 2.1, that 

E \\( S i'-i u ~ S j~l u ) A j A j' Va x\\Ll(LP) 
U'-j|<4 

b'-j|<4 

+ ^ ||(S j /_iV« 3 -S j -iV« 3 )(t')lk'»||A j aA(Olli»'^) 
<^-2-^||Vn' l || L i (LO o ) ||a A |L | + E Avu^OIMIA^OIIl^' 

<^-2-^(||V^|| Ltl(ioo) ||a A L , | + f f(t')\\ax(t')\\ sdt'). 
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3_! 

On the other hand, as p > 3 and Va € L^(Bp ), applying Lemma 2.1 once again gives 
rise to 



||<Sj'+2V/iaA||i°°(i,p) < ^2 ^ l \\^ a \\\Lf{LP 



e<j'-2 



< £ d e 2^\\a x \l s < d f 2 j '^\\a x \l f , 
so that 

\\Sj' + 2yhax\\ Lr{LP )\\A jlU h \\ L i {Lx) < Y rf i' 2 ^ Ho-aIL^ a ||Vu h || £ i (£ oo) 

j>>j-N j'>j-N l ?( B p) 



< dj2 ^||V^|| Ll(Loo) ||a A L § • 

Lf>(B*) 



It follows from the same lines that 



£ / ll^+2fta A (f)||Lp||A J ,u 3 (f)||L-ctt' 
f>j-N J ° 

< J- 2 /d-f) f* djl{t ')\\a x (t')\\ ,\\A j/U s (t')\\ L ^dt' 
j>>j-N Jo B p 

< £ ' /Va(OII |||Vu 3 (Ol|L~^'<^2-f f f{t')\\a x (t')\\ sdt'. 
j,g± No Jo B? Jo B? 

As a consequence, we obtain 

||A,(7e(u,Va A ))|| L i (LP) < £ (ll^+aV^II^^IIA^^II^^) 

j'>j-N 

+ jf ||5 j / +2 ^a A (0llL»'l|A j '« 3 (t / )llL<» 

< d,-2-p (||V^|| Ll(LOO) ||a A |L s + f f(t')\\a x (t')\\ sdt'). 

Substituting the above estimates into (2.6) and taking summation for j in Z, we arrive at 

NL 3 +A f f(t')\\a x (t')\\ sdt' 
L?(B£) Jo 



<\\ao\\ |+c(||V^|| Ltl(LOO) ||a|L | + / f(t')\\a x (t')\\ sdt'). 

Taking A > 2C in the above inequality, we conclude the proof of (2.4). □ 

Following the same line to the proof of Lemma 2.5, we can also prove the following Lemma, 
which will be used in the proof of Theorem 1.3 in Section 4. 

Lemma 2.6. Let q be in [l,oo] and s in ]0, 1[. Then given an initial data ao in Bg(M 3 ) 
and a vector field u in L 1 ([0, T]; Lip(M. 3 )) with divu = 0, (2.3) has a unique solution a 
in C([0, T];Bg(R 3 )) n L°?(£*(R 3 )). Moreover, there holds 

(2.7) W a \\l^(Bi) - IKIlei exp^C / ||Vu(t')||L°° 

•J 
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Proof. Notice once again that the proof of Lemma 2.6 basically follows from (2.7), we shall 
only detail the proof of (2.7) for smooth enough solutions to (2.3). Indeed it follows from the 
proof of (2.6) that 

j t \\Aja(t)\\ Lq < £ \\[A j ;S j ,- 1 u]V*Mt)U* 

U'-J'l<4 

+ llOSj-'-iu-Sf-iu) • VAj/Aja(t)||i, B 

\f-j\<* 

+ ^2 \\Aj>uS j/+2 Va(t)\\ Lq . 

j'>j-N 

We get by using the classical commutator's estimate (see [7] for instance) that 

HIA^^VA^)^ < \\S j '-i(Vu)(t)\\ L ~\\A j ,a(t)\\ Lq 

U'-J'l<4 \j'-j\<4 

< d j (i)2-^||V«(i)|| L oc||a(i)|| B| . 

The same estimate holds for Yl\j'-j\<4 \\{Sj'-i u ~ Sj-±uj VAj/Aja(£)||£,a. Whereas applying 
Bernstein's Lemma and using the fact that s < 1 yields 

^ \\A r uS f+2 Va(t)\\ Lq < W&MmL-WSf^VamL* 
f>j-N j'>j-N 

<d J -(t)2-^||Vu(t)||Loo||a(t)|| B .. 

As a consequence, we arrive at 

IIAj-aH^^) < ||Ajao|U« +2" J ' a / dj(t')\\Vu(t')\\ Loo \\a(t')\\ B sdt' , 

J 

which gives rise to 

I|o|Iloo (Bs) < ||oo||bj +C I \\Vu(t')\\ L ~\\a(t')\\ BSq dt'. 
Applying Gronwall inequality leads to (2.7). □ 



3. The proof of Theorem 1.2 

We shall only prove that if (ao,uo) is a smooth initial data satisfying the smallness condi- 
tion (1.6) then the associated solution of (a,u) of (1.2) satisfies (1.8), which implies a global 
control of the L 1 in time with value in L°° for the gradient of u. With this estimate, it 

is standard to prove the L°°(R + ; (R 3 )) n L 1 (R + ; bV~ t (M 3 )) for the velocity field (see 

[1, 2, 23] for instance). In order to prove the existence part of Theorem 1.2, we regularize the 
initial data and then pass to the limit. These technical details are omitted. The uniqueness 
part of Theorem 1.2 follows from Theorem 1 of [15]. 

Let us denote by T* the maximal time of existence of the solution (a, u) of (1.2) associated 
with the smooth initial data (ao,«o)- Let us consider T + defined by 

(3.1) T+ d = supir < T* / Ct = f n\\a\\ s + \\u h \\ L ^ {<s0) + ^\\u h \\ L i (<B2) < c n\. 
where cq will be chosen small enough later on. 
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We want first to estimate ||<7||i,i,(sb ) where 

def 

g(a, u) = —u ■ Vu + fiaAu — (1 + a) VII 
As in Lemma 2.5, we define 

(3.2) 6 A (t) d ^ f 6(t)exp(-A j\\u\t' r )\\^dt') . 

This will allow to make the term fj,a\Au 3 integrable thanks to Lemma 2.5. Notice that taking 
space divergence to the momentum equation of (1.2) gives divg(a, u) = 0, Lemma 2.4 implies 
that 

\\g(a,u)\(t)\h° ^ ||(div(u® u) - ^aAu) x \\^o- 

Let us estimate the righthand side term. The key point to the estimation is that it does not 
contain any terms which are quadratic with respect to u 3 . 

If (j, k) is in {1,2} 2 , we have, thanks to law of product of Lemma 2.3, 

Wdj^U^o = ||(<9>^)||«bo 
(3-3) < ||^||<bo||^|| SB 2 + ||^||« b o||«' 1 || SB 2. 

Because p < 4, law of product of Lemma 2.3 and divu = implies that 

||($,(uV)a||!bo = ||93«M + ^ 3 ^!llso 

(3-4) < ||« h ||»jll«All»o + ll« 3 ||»jll«All»J- 

The term d^(u 3 ) 2 , which is the only possible quadratic term, is equal to — 2u 3 div/j u h thanks 
to divergence free condition. As above, we have 

||(d 3 ( U 3 ) 2 )A||<B0 = 2||n 3 div ft ^|| (B o 

(3-5) < I^H^K^i. 

Laws of product of Lemma 2.3 together with Lemma 2.2 gives 

(3.6) //||(aA« /l ) A ||a30 < /i\\a\\ i hxllm and ^||(aAn 3 ) A || (B (, < n\\a x \\ i \\u 3 \\<s2 

b£ p B$ p 

Lemma 2.4 and Estimates (3.3)-(3.6) gives, for any positive A, 

\\g{a,u) X {t)\\^ < ||« fc ||«8o||«All!B| + ll«All»gll« h H»3 + IK 3 |I<Bi|I u aII«B1 

+ U\\a\\ 3 lltix \\m2 + /J, 1 1 0. \ 1 1 3 llti 3 ||«S2 • 

Let us first estimate u 3 . As u 3 satisfies 

d t u 3 - An 3 = (-u ■ Vu + uaAu + (1 + a)VIl) 3 , 
we get, by using (3.7) with A = 0, that 

2^- 1+ l) 2 f(||A^ 3 ||^ (LP) + M (2 2/c + 2^)||A^n|| Ll(LP) ) 

+ mIK*)II § (\\u h (t)\\ n + \\u 3 (t)\\ n ))dt. 

Or, 



14 J.-Y. CHEMIN, M. PAICU, AND P. ZHANG 

After summation, this gives 
\\ u3 k~(<B°) u3 |l^(25|) £ ll«oll®o + ^ (ll« ft (*)ll®o||«' , (t)||!8a 



+ \\uHm*ij«\m%+i*Mt)\\ |(ii« fc (*)ii!B| + \\u\t)\\ n ))dt. 



By interpolation, we have 



i 1.1 



\\n^t)\\ % \\u h (t)\\ % < ||« 3 (t)||^o||u 3 (t)||^||« fc (t)||^o|||« fc (t)||^. 
Using the induction hypothesis (3.1) and Cauchy -Schwartz inequality, we get 



u 



3 1 



CI 



L=P(®0) + HI u3 H^(®g) £ ll«oll»° + -J +CT||n 3 || L i^ (f8 2 



+ — (II« 3 IIl§p(»o)mII« 3 IIli,(«bj)) 5 - 

Thus, if Co is small enough in (3.1), we get 

(3-8) VT<T*, II^H^^ + mII u 3 \\ LW < HugllsBO+Cr. 

The estimate on u h is different. Because of the term /j,aAu 3 which has no chance to be small 
and which appears in the equation of u h , we need to use conjugating with an exponential 
weight. Let us point out that u\ is the solution of 

d t u\ - fJ-Aux + A||u 3 (t)||, B 2M A = (-u • Vu + fiaAu - (1 + a)U) x , 
divuA = 0, U| t=0 = 0. 

Let us consider any subinterval I = of [0,T]. Then applying (3.7), we infer 



Kllz°o(/;<B0)+HI <\\ L i (m) < ||u$(J-)||a»o+ jf (||«S(t)||Bo||« h (t)||Bj 

+ ||n' l (t)|| SB o||^(t)|| S8 2 + ||u 3 (t)|| S8 i||^(t)||« B i 

+ fi\\a(t)\\ M(t)\\ n + fi\\a x (t)\\ s\\u 3 (t)\\ n )dt. 

B$ p B£ v 

Using the induction hypothesis (3.1) and Cauchy- Schwarz inequality, this gives 

ll n AllL~(/ ; <B0) +^11 u aIIli(/;<B2) % lK(OII<B° + ^ (||«aI|l°°(/;<8°) + mII^aIIl 1 ^®?)) 



+ \\l*(i;<81) II«aII^(j ; bj) + a* / IM*)|| a||« d (t)||»jrft- 

By interpolation, this gives 

Kllz~(/;<B°) +A*II «aIIl1(J;«82) £ ll«A + M ^ IM*) ll^f ||« 3 (*) * 
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The induction hypothesis (3.1) implies that, if cq is chosen small enough in (3.1), then 

Kllz°o(/-<B°) +HI % KOnil §+aW IM*)II ^\W{t)\\^2dt 

y ' p> 1 Q3£ J I p 

+ — II u3 Hl2(/;<B1)(||^aIIl°°(/;<B0) + ^ J '\\ U x\\L^I■M))■ 
fl2 

Thus, two constant Cq and C\ exist such that, if the interval I satisfies 



(3-9) fh 3 (t)\g h 



then we have 



(3.10) \\u h x \\~ Loo{in) + l x\\ «S||li(j ; «8») < Co(||^(/-)||<bo +/x / ||a A (t)|| a ||« 3 (t)||»grft) . 

Now let us decompose the interval [0, T] into intervals such that the smallness condition (3.9) 
is satisfied. Let us define the sequence (tj)o<j<N such that to = 0, ijv = T, 



Vj € {0,... ,iV-2}, / ||u 3 (t)|||icft=-£- and / 



,3/ + M|2 r u ^ _V_ 
Cl 



Let us observe that 

rT 



I 

Jo 



u\t)\\l 1 dt>-^(N-2) 



which implies that the number of intervals N satisfies 

rT 



(3.11) N<—[ ||u 3 (t)||Ldt + 2. 

A* Jo p 

Now let us prove by induction that, for any j < N, we have 

(-Pj) \Wx\\ L ^ ([0,^0) +Mll«AlU 1 ([0,*j],»?) - ^(iKollso +/X / ||oa(*)|| |||u 3 (t)||«Bodt). 

7 

For j = 1, it is simply (3.10) applied with I = [0; ii]. Now, let us assume (Pj) for j < N — 1. 
Applying (3.10) with / = [tj, tj+i] gives 

ll«A(*i)ll»o+M / II«a(*)|| |||n 3 (t)||«82dtj. 

•/ tj Bp 

The induction hypothesis (Pj) implies that 

lKllz~([t^ +1 ] ; <B°) + Mll«AlUHfe,tj+i];»g) 

<C^ +1 (|K||<bo+/x^ ||a A (t)H B a||« 3 WII«8od*) + C 0/ u ^ ^ ||aAWII^ ll^Wk^t 
which gives obviously (Pj+i) and thus (P/v). Because of (3.11), this gives 



II u aIIl«>(«80) + A*ll u aIIli,(<b2) 
(3-12) £j?V(t)ll*i*+2 

< c 



(ll«oll»g+/* / IM*)|| s|K 3 (i)||<B2di). 
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On the other hand, notice from Lemma 2.1 that ||Vu 3 (t)||£°o < C||M 3 (t)||(g2, for A large 
enough, we get, by applying Lemma 2.5 with f(t) = ||u 3 (f)||<g2, that 



A f T 



||-u 3 (t)|| (R 2||aA(t)|| 3 fit < 1 1 ao 1 1 a + C\\u h \\ r,L(w^\\a\\\~ s 
Thus as long as Ct/V is chosen sufficiently small, the induction hypothesis (3.1) leads to 



fT 

(3.13) VT <T\ \\ax\L a +A/ ||« 3 (t)|k2 ||a A (t)|| sdt < 2||a || a- 

Jo P B$ Bg 

Substituting (3.13) into (3.12) gives rise to 

KHZ^O) + Khx\\ J + || «S|| L i,(!Bj)) 

< (ll«oll«80+/i||ao|| |)exp(^/ ||n 3 (t)||2 (it) 

for A large enough and T < T + . While thanks to (3.2), one has 

^Hz-pBO) + Mil AIl^I)) ex P (-A f llu 3 ^)!!^ (ft) < H«aIIz5?(!B0) + Mil Al^)- 

J 



As a consequence, we obtain 

' h lz~0BO)+MI|aL a + || ^ll^(^)) 



u 

T 



<(lkoll<BO+Mll«o|l B |)exp(c^ (^||« 3 (i)|||i + ||u 3 (t)||s ? )dt), 

for some sufficiently large constant C". This together with (3.8) implies that 

(3.14) ll« h |lz=o (!8 o)+MI|a|l- a + II Ah^x*)) < ^{HW^o +^ll«o|| a) exp^||«g|| B oJ 

for t < T + , provided that Ct/V < Co is small enough. 

We now claim that T + = oo if the initial data (ao,uo) satisfies (1.6). Otherwise, we infer 
from (3.14) that 

ll uh |IZ5?(*o) + MI|a|L a + \\A\l W ))<C 2 V for t < T+. 

T v"p J 

In particular if we choose rj in (1.6) is so small that rj < ^8r, one has 

H^HZ~0B°) + + I' A\l W) ) < I for t < T+, 

which contradicts with the induction hypothesis (3.1), and which in turn shows that T + = oo 
under the assumption (1.6). Furthermore, (3.8) and (3.14) ensures (1.8). This completes the 
proof of Theorem 1.2. 



large solutions of 3-d inhomogeneous ns equations 17 

4. The proof of Theorem 1.3 

4.1. Outline of proof to Theorem 1.3. The purpose of this section is to present the 
proof of Theorem 1.3 by following the same line of that to Theorem 1.2. Toward this, we 
shall first construct the approximate solutions to (1.2) with data (1.10) as a perturbation to 
the 2-D classical Navier-Stokes system with a parameter. Without loss of generality, we may 
assume that the viscous coefficient \i = 1 in (1.2). The detailed strategy is as follows: 
Step 1. Construction of the approximate solutions. 

As in [10, 17], we denote (i^IIo) to be the global smooth solution of the following 2-D 
Navier-Stokes system depending on a parameter y 3 : 

'd t v h + v h ■ V h v h - A h v h = -V h U , 
(NS2D 3 ) I dW h v h = 0, 

v h \ t =o = v%(-,y 3 ). 

Notations Here and in what follows, we always denote 

x h = (x 1 ,x 2 ), V h = (d xl ,d X2 ), A h = d% 1 +d x : 2 , and [b] £ (x) = b(x h ,ex 3 ). 

Then as in [10] and [17], we define the approximate solutions (v £ (t,x), W (t,x)) as 



(4.1) 

which satisfy 



(t,x) = f (v h ,0)(t,x h ,ex 3 ) and U 6 Jt,x) u =Il (t,x h ,£X 3 ), 



def - 



app 



{{dtv\ 



(4.2) 

with 
(4.3) 
where 



Ipp + v lpp ■ Vu^pp - Av app + Vn^ pp ) (t, X h , X 3 ) = F £ (t, X h ,X 3 ), 



div v e app = 0, 



v £ 

K u app 



(t,x h ,x 3 )\ t =o = u £ (x h ,x 3 ) d = (v£,0)(x h ,£x 3 ) 

F £ (t,x h ,x 3 ) = eFi(t,x h ,£x 3 ) + F%(t,x h ,£x 3 ), 



Fi(t,x h ,y 3 ) d = (0,d 3 U )(t,x h ,y 3 ) and F%(t,x h ,y 3 ) = f e 2 (9 3 V, 0)(i, x h , y 3 ). 

Step 2. The estimate of the error between the true solution and the approximate ones. 
Let 



Q£ def n£ _ n£ 



app - 



(4.4) R £ = u e - v% v and 

Then it follows from (1.2) and (4.2) that (a £ ,R £ ,Q £ ) solves 

'd t a £ + (R £ + v £ app ) ■ Va £ = 0, (t, x) € M + x R 3 , 
8 t R £ + R £ ■ VR £ + R £ ■ Vv £ app + v £ app ■ VR £ - AR £ + VQ £ 

- - 

'-app) 



(4.5) 



a £ (AR £ + Av £ - VQ £ - VU £ ) - F £ , 



app 

div R £ = div v £ app = 0, 

a £ (t,x h ,x 3 )\ t=0 = e Si, a (x h ,ex 3 ), R £ \ t =o = 0. 



To solve (4.5) globally in the framework of the anisotropic Besov space 05°, in general, one 
should require L 1 (M + ; *Bp(lR 3 )) estimate for the source term F £ given by (4.3). Nevertheless, 
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according to Lemma 4.1 below (see also (4.7) of [17]), we do not have the L 1 (R + ; 93°(R 3 )) 
estimate for the term F%. To deal with this term, as in [17], we denote 

V h (t, x h , x 3 ) d = (8 3 v h , 0)(t, x h , ex 3 ), 
then Ff = ed 3 V h . We shall construct (i?f , U £ ) via 

'd t R\ - AR\ + VU £ V = -Ff, 



(4.6) { div R\ = 0, 

^f|t=o = 0, 

then as div V h = 0, we have div F| = and VIT^, = 0, so that let 

(4.7) w £d =R £ -Rl, 

to solve (4.5) for (a £ ,R £ ,Q £ ) is reduced to solve (a £ , w £ , Q £ ) through 

' d t a £ + (w £ + Rf + v £ app ) ■ Va £ = 0, (t, i)el+xl 3 , 
d t w £ + w £ ■ Vw £ + w £ ■ V(v £ app + R\) + (v £ app + R\) ■ Vw £ - Aw 

(4.8) { +{l + a £ )VQ £ = G £ , 
divw £ = 0, 

a £ (t,x h ,x 3 )\ t =o = e 5 "a (x h ,ex 3 ), w £ \ t=0 = 0, 
with F[ given by (4.3) and 

def 

(4.9) 



r 



G £ = a £ (Aw £ + AR\ + Av £ app - VII* 

- R\ ■ V(R\ + v £ app ) - v £ app ■ VR\ - £ [iq] £ . 

We shall follow the same line of the proof of Theorem 1.2 to construct the global solution 
of (4.8). Namely, we shall first estimate a £ in the isentropic Besov spaces 



L c 



B 



! >~>P 



3 



))m c 



B, q m3 



> >~>q 



)) 



for q in ]|, 2[ and p in ]3, 4[, and then we estimate w £ in the anisotropic Besov spaces 



L°°(1R + ;<B°(1R 3 )) nL 



With these estimates, we repeat the argument at the beginning of Section 3 to construct the 
unique global solution of (1.2) with data (1.10). 

4.2. Technical Lemmas. For simplicity, we shall neglect the subscript e in the rest of this 
section. Let us first recall Lemma 3.2 and inequality (4.7) of [17]. 

Lemma 4.1. Let (v h ,IIq) be a smooth enough solution of (NS2D 3 ) and R\ he determined 
by (4.6). Then under the assumptions of Theorem 1.3, for any a in N 3 , one has 



\& 



.SO) + \\d°V 



i + ||d a n || L i( K+; !B0) < c vo , 



\d a d 3 v h \\„ 



L°°(R+; ( B 2 ' 2 ) 



^+\\d a d 3 v h 



L 1 (R+;2$ 2 ' 2 ) 



and 



H<1 



< C Vn £. 
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Lemma 4.2. Let q be in ]1, 2[, p in ]3, 4[, and G be given by (4.9). Then under the assump- 
tions of Theorem 1.3, one has 

(4.10) ll^ll^-C^^> ~^ =: ' l|a|l ^^c^# ) II^^H^5rC^«> ^-c> H a 'll^^ CjE5 # ^ ^ >^ - 

Proof. Notice that p < 4, applying Lemma 2.2 and Lemma 2.3 yields 

HAw + A^H^o) <||o|| g,i (IIA^II^^ + IIA^H^^o)) 

1^\\<A\ 3 (II Atoll rl(m0\ + ll-Rl II i,2 1 ). 

Similarly as q is in ]1, 2[, 1 — | > so that one has 

IHi^illLipBO) iSIHI , i ||5|i?i|| |i 



It follows the same line that 



<|H| _ 1+ 3 ||9 3 i?l|| 2 1 . 



||aAf aj) p||ri (!B o) < ||a|| 3 ||f h || 1+ 2 i +e 2 ||a|| _ 1+ s \\d%v h [ 



and 



| aVILw llii^o) < ||a|| | IIVIIoIIli^o). 



Whereas applying Lemma 2.3 twice leads to 



\\aRi ■ V(Ri +v a pp)\\ L }mo) < \\a\\ 3 IU?°(3so) (|| Vi?i | 21 + |[Vt> || 21) 



and 



|ou app - Vi2i 11^(230) < ll«ll f ll^lUfo^ojPill 

•^t (Dp J 



As a consequence, we obtain 

l|G ! llrir<B°'> ^||«|| 1 ( \\Aw\\ Timo) + ll-Rill 1+2.1 + \\v h \\ 1+ 2 1 + ||Vn || ri r!B oi 

+ (Pilk~r<B°) + II^IIl?°(!bo))(I|V-Ri|| 21 +||v« h || 21)) 

+ \\ a \\ -1+3 (11^3^1 II 2 1 + e2 H^3^ll ^ i ) + £ ll^3n || L i( !B o ) , 

from which, Lemma 2.1 and Lemma 4.1, we conclude the proof of (4.10). □ 

4.3. The proof of Theorem 1.3. It follows from the argument in Subsection 4.1 that we 
only need to solve (4.8) globally for e sufficiently small in order to prove Theorem 1.3. Given 
data (1.10), it is well-known that (1.2) has a unique local solution (a,u) on (0,T*) for some 
T* > 0. Without loss of generality, we may assume that T* is the lifespan of (a, u). Of course, 
the solution (a 6 , w e , Q e ) of (4.8) entails this lifespan T*. Similar to the proof of Theorem 1.2 
in Section 3, we denote 

(4.11) T* = f sup{T<T* / f]T d = ||a|| § + HHIl§?(®°) + IMIzipBg) < s }, 

for some sufficiently small positive constant 5, which will be chosen later on. 
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We also define 

/ A (t) d =%)exp(-A fv h {t')dt'\ with V h {t) A M\\ v \t)f 1L +\\v h {t)\\ 
(4.12) V ^0 J Bf> B v p p 

def 

i(a, w) = w ■ Vw + w ■ V(v app + + (v app + Ri) ■ Vw - G. 

Then thanks to (4.8), w\ solves 

d t w x +XV h (t)w x - Aw x + (1 + a)VQ x + i(a, w) x = 0. 

Applying A^A v k to the above equation, then taking the L 2 inner product of the resulting 
equation with | A^A v k w x \ p ' 2 A^A v k w x for p in ]3,4[ and integrating the resulting equation 
over [0,t], we obtain 

\\A^Alw x \\ Lr{LP) +\j\ h (t')\\A^Alw x \\ LP dt' 

+ c (2^ + 2 2fc )||A^A> A || L i (iP) < ||((l + o)VQ- t (a,«;)) A || L(1(Ll>) , 
for some c > 0. After summation, this gives 



w x || Z oo (B o) + A J V h (f) 1 1 w x (OH <bo (it' + c||w A || L i ( gja) 



(4.13) 

< II r (1 + a) VQ-»(o,«;)) A ll^^o) ■ 



Lemma 2.4 and (4.8) implies 

||((l + o)VQ-»(a,«;)) A || !8 o i$ II «a, u/)) a ||<bo. 

And as p < 4, applying Lemma 2.3 leads to 

Ik • Vu-aH^o < ||w||so||Vu;a|| |,i < HwllsBg 11^11*83, 
||w A • Viiil^o < ||Vi?i|| |,i HwaIIqso, 

II #1 • VwaIIso £ Pl|l<Bo|MI<B2- 
While notice that for |6] e (x) = b(xh,£Xs), 

w x ■ Vv a pp = w\ ■ [V h v h } £ + ew\ [d 3 v h } £ , 
we get, by applying Lemma 2.3 once again, that 

HwA-VuoRpllajo <||« h || i+a,i|Mt||g»o+e||g3t; h || |,i |K||<bo. 

Along the same line, one has 

\\Vapp ■ Vwa||<b0) < ||v ft || | f i ||V^ A ||<B0. 
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Therefore, substituting the above estimates into (4.13), we infer that for any t < T*, 



IK 1 1 Zoo^o) + A / V h {t')\\w x {t')\y> dt' + cWwxhj^ 

J 

<\\Gx\\ Ll{n) + (^R,\\ |,i +e\\d,v h \\ u \\\ Wx \\ LT{n) 

(4.14) L t\-°p ) L t\-°v ) 

+ (IIH| L oo(!bo) + \\Ri\\l<i°(<b°))\\w\\\lI(<b*) 

+ ! {\\v h \\ ailKH 2i + \\v h \\ 1+ 2 i ||u; A || i8 o)dt'. 
Jo V' p ®p p,p pJ 

Whereas it follows from the simple interpolation in the anisotropic Besov spaces that 

f \\A\ J.1 \\WX\\ 2,1 df < ( T ||^|| 2 2,1 IkAllsO dt^H^llJj 

from which and (4.14), we infer for t < T* 

ft f c 
IK 1 1 Z~ (25°) + A J Vhit^Ww^t'^odt' + -||wa||lJ(®2) 

< IIGaIIlj^) + (ll v ^H Ltl(fB | ■ + ^1^11^^1,^)11^11^^) 

+ + II^i||l-(®0))II^a||l1(<b2) + / VfcCOlkACOllBg*'. 



for Vft(t) defined by (4.12). Taking A > C in the above inequality and applying Lemma 4.1 
and Lemma 4.2, we obtain for t < T* 

||«>A|IZoo ( g$o) + o\\ w \\\l}(<b%) < C vo {e+ \\a\\ g +e||a|| i+§ 

( 415 j * 1 p> 2 p £?°(«p) i t °°(6 9 q ) 

+ e|^A|lz r(f8 o)) + C(||a|| | + IIHIz~(<b°) + ^V) IKIIlJ(<b2)- 
Then taking <5 < g|y in (4.11) and £ < min{ 8C ^, , }, we deduce from (4.15) that 

(4.16) IKIIz^ + ^IMIlH^) <2C^(e+||a|| j + e\\a\\ f ) 
for i < T*. 

On the other hand, applying Lemma 2.6 to the free transport equation in (4.8) that for 
any s in ]0, 1[, 

||a||roo( BS ) <||ao, £ ||sgexp(||Vi?i|| 21 + \\Vw\\ 21 + ||V^|| 21 ) 

(4.17) ' P V ^(Bf ") L\{B p p ) L\{B p p p )> 

<C Vo e c -p\\a Q \\ B s for t<T*. 

As q is in ]§, 2[, we can apply his result with —1 + |. Together with (4.16) this ensures that, 
for any t < T*, 

(4.18) + j\\ w ^\\lK^ p ) < 2C V0 (e + e a ~p\\a \\ 1 + e 1+a ~*\\a \\ 
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By virtue of (4.12) and (4.18), we obtain 
\\ w h ? (<BO) + l\\w\\ Lj{n) <2C V0 (e a -?\\a \\ j + e 1+a ~«\\a \\ I) 

xexpfc(||^|| 1+ 2 i +||^|| 2 2 x )) 

<C„ n (e' 7- ? Ilaoll 3 + £ 1+fT ~<? llaoll 1 + 3) for t < T*. 

Now as <r > |, we can take p a < 4 so that cr — ^- > 0. Then for e small enough, we conclude 
that T* = T*, and there holds 

(4.19) IMIz ( °°(<B0 CT ) + ||MIl1(>b2 ct ) < C^e 7- ^ for *<^*. 

With (4.17) and (4.19), it is standard to prove that T* = oo and the global solution (a, u) of 
(1.2) such that 

a € C([0,oc);£ p f (M 3 )) nZ°°(M + ;£ p f (M 3 )) 

and 

« € C([0, oo); S Pct 1+ ^(M 3 )) n L°°(E + ; S Pct 1+ ^ (R 3 )) n L 1 (M+; (M 3 )). 

The uniqueness part is guaranteed by Theorem 1 of [15]. We thus complete the proof of 
Theorem 1.3. 
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